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Abstract
Compact stellar objects inspiralling into massive black holes (MBHs) in galactic nuclei are some of
the most promising gravitational wave (GWs) sources for next generation GW-detectors. The rates
of such extreme mass ratio inspirals (EMRIs) depend on the dynamics and distribution of compact
objects around the MBH. Here we study the impact of mass-segregation processes on EMRI rates. In
particular, we provide the expected mass function of EMRIs, given an initial mass function of stellar
BHs (SBHs), and relate it to the mass-dependent detection rate of EMRIs. We then consider the
role of star formation on the distribution of compact objects and its implication on EMRI rates. We
find that the existence of a wide spectrum of SBH masses lead to the overall increase of EMRI rates,
and to high rates of the EMRIs from the most-massive SBHs. However, it also leads to a relative
quenching of EMRI rates from lower-mass SBHs, and together produces a steep dependence of the
EMRI mass function on the highest-mass SBHs. Star-formation history plays a relatively small role
in determining the EMRI rates of SBHs, since most of them migrate close to the MBH through mass-
segregation rather than forming in-situ. However, the EMRI rate of neutron stars can be significantly
increased when they form in-situ close to the MBH, as they can inspiral before relaxation processes
significantly segregates them outwards. A reverse but weaker effect of decreasing the EMRI rates from
neutron stars and white dwarfs occurs when star-formation proceeds far from the MBH.
1. INTRODUCTION
Nuclear stellar clusters, (NSCs) hosting massive black
holes (MBHs) are thought to exist in a significant fraction
of all galactic nuclei, including our own (Eisenhauer et al.
2005; Ghez et al. 2005). The dynamics of stars in the
dense NSC lead to strong interactions between stars and
the MBH. In particular compact objects (COs) such as
white dwarfs (WDs), neutron stars (NSs), and stellar
black holes (SBHs), may inspiral onto the MBH and
emit gravitational waves (GWs) observable to cosmolog-
ical distances with next generation GW detectors. The
inspiral of a CO into an MBH (“extreme mass ratio inspi-
ral” [EMRI]) is among the main targets of future Evolved
Laser Interferometer Space Antenna (eLISA).
The properties of EMRIs and their rates depend
strongly on the evolution and dynamics of differ-
ent stellar populations near MBHs, processes in
which mass segregation processes play a key role
(see Freitag et al. keshet 2006; Hopman and Alexander
keshet 2006b; Alexander and Hopman keshet 2009;
Keshet et al. keshet 2009; Preto and Amaro-Seoane
keshet 2010 and Amaro-Seoane and Preto (2011) for a
detailed treatment of mass segregation near MBHs).
Mass segregation occurs through two-body interactions
between less massive and more massive objects. The
encounters drive stellar populations of different masses
towards energy equipartition which results in the more
massive objects migrating closer to the center, while the
less massive ones migrate outwards. In particular, mass
segregation can increase the density of the more massive
COs within the region r < aGW , where aGW is the max-
imal semi-major axis at which a CO could still inspiral
and become an eLISA source (hereafter the critical sep-
aration), rather than plunge-in on a too radial orbit and
spending too short time in the GW detector band and
unlikely to be detected. Hopman and Alexander (2005)
derived an analytical order-of-magnitude estimate for the
critical separation, given by
aGW = rh
(
dc
rh
)3/(3−2p)
(1)
where rh is the radius of influence (see section 3), dc
is a length scale and p is the power law of the dis-
tribution function (f(E, t) ∼ Ep, see section 3 and
Bahcall and Wolf 1976).
The event rate of EMRIs has been estimated
by several studies (e.g. Hils and Bender (1995);
Sigurdsson and Rees (1997); Freitag (2001);
Ivanov (2002); Alexander and Hopman (2003);
Hopman and Alexander (2006b)) but remains rather
uncertain, in part because of the slow nature of the
inspiral process, which occurs on many dynamical
times (see further discussion by Hopman and Alexander
(2006b)).
Previous studies of EMRI rates in NSCs typically con-
sidered only populations of single-mass SBHs (with mass
m• = 10 M⊙), however, theoretical studies, and the re-
cent GW detection of a merger of two ∼ 30 M, sug-
gest a potentially wide range of SBH masses. The ef-
fect of such non-trivial SBH population on the rates of
GWs from merger of binary-SBH (detectable by aLIGO)
was considered by O’Leary et al. (2009). Here we focus
on the implications for a different type of GW sources,
namely inspirals of COs on MBHs, producing EMRIs.
Future EMRI detections could potentially probe the
mass function (MF) of inspiralling SBHs. However, the
mutual interactions between SBHs and stars of differ-
ent masses could significantly alter their distributions
near MBHs, and thereby the EMRI rate from SBHs
2of different masses. Therefore, translating the EMRI
MF into the original MF of SBHs requires understand-
ing the non-trivial evolution and mass segregation pro-
cesses in NSCs. Finally, we note that not only the
MF of SBHs change their distribution, but potentially
the star-formation history and build-up of the NSC (see
Perets and Mastrobuono-Battisti 2014; Antonini 2014;
Aharon and Perets 2015; Aharon et al. 2016).
In this letter, we explore for the first time the expected
mass-function of EMRIs (with the main focus on SBHs),
and its relation and translation to the general MF of
SBHs. Furthermore, we consider both the rates from
relaxed NSCs, as well the role of the build-up and star-
formation history in affecting the EMRI properties and
rates.
2. ANALYTIC DERIVATION OF EMRI RATES IN RELAXED
NUCLEAR CLUSTERS
In relaxed NSC systems the distribution of differ-
ent stellar populations can typically achieve a steady
state. Studies of simple stellar populations (com-
posed of 4 populations: Solar mass main sequence
(MS) stars , 1.4 M⊙ NSs, 0.6 M⊙ WDs and 10
M⊙ SBHs), using Fokker-Planck (FP; see also below),
Monte-Carlo or N-body simulations showed them to dis-
tributed with power-law density profiles, generally con-
sistent with analytic estimates of mass-segregation ef-
fects near MBH by Bahcall and Wolf (1977). Later stud-
ies (Alexander and Hopman 2009) pointed-out that the
mass-segregation solution for the steady-state distribu-
tion of stars around a MBH has two branches: a weak-
segregation solution (described by Bahcall and Wolf
1977) and a different, strong-segregation solution. They
found that their properties depends on the heavy-to-light
stellar mass ratio MH/ML and on the unbound popula-
tion number ratio NH/NL, through the relaxational cou-
pling parameter
∆ = 4NHM
2
H/[NLM
2
L(3 +MH/ML)], (2)
where systems with ∆ . 1 reside in the strong
mass-segregation regime. In the strong mass-
segregation regime the massive objects can achieve
much stepper density profile compared with the
Bahcall and Wolf (1977) weak mass-segregation regime.
Alexander and Hopman (2009) mainly focused on cases
which can be generally divided between small popula-
tion of massive objects (MH ∼10 M⊙ SBHs) and large
population of low-mass objects (MS stars, NSs and WDs
with ML ∼ 1M⊙) in the ∆ < 1 regime. However, a
more complex situation arises when the high-mass pop-
ulation is composed of a range of masses. For example,
in the case of two massive populations (with MH1, MH2
and NH1, NH2), the calculated ∆ parameter could be be-
low unity when comparing each of the high-mass pop-
ulations to the low-mass one, while ∆ could be above
unity when comparing the two massive-stars populations
(i.e. treating MH2 as a low mass compared with MH1).
Keshet et al. (2009) used analytic tools and generalized
the derivation for such non-trivial MF cases.
Using the above mentioned results, one can find the
expected density profile (n(r) ∝ r−γ), where γ = p +
3/2, then for a given population of stars with a given
mass in a relaxed NSC, given by (Keshet et al. 2009)
and Alexander and Hopman (2009):
p(m) ⋍ m/4M0 (3)
where m is the relevant population mass and M0 is the
weight average mass. for mass function not strongly
dominated by light stars (negligible flow) the relation
is linear: p ∝ m (Bahcall and Wolf 1977; Keshet et al.
2009). In order to find the number of GW progenitors
we then need to integrate the number of CO GW pro-
genitors (i.e. inside the critical separation, aGW :
Γ ∼
ˆ aGW
r−γd3r ∼ a
3/2−p
GW . (4)
Substituting Eq. 1 then gives us the inspiral rate depen-
dence on the the CO mass per unit mass:
Γ(m)dm ∼ a
3
2
−
m
4M0
GW =
(
rh
(
dc
rh
)3/(3− m
2M0
)
) 3
2
−
m
4M0
dm
(5)
Given the GW detector sensitivity on the inspiraling CO
mass, COs with M1 > M2would be detected to distances
larger by M2/M1 and taking a homogenous universe at
sufficiently large distances one expects a (M2/M1)
3 en-
hancement in the detection rate. Given an intrinsic MF
of COs (for simplicity assuming a power-law distribution;
ξ(m) ∝ m−β), we can now combine all of the above EQs
together and relate the CO intrinsic MF to the MF of
detected EMRIs:
N(m) ∼
ˆ (
rh
(
dc
rh
)3/(3− m
2M0
)
) 3
2
−
m
4M0
m−βdm (6)
where the last integral can be numerically solved. Given
sufficient number of EMRI detection one can use these
relation to derive the intrinsic MF of SBH.
3. NUMERICAL CALCULATIONS USING A
FOKKER-PLANCK APPROACH
In order to test the analytic results we use a FP ap-
proach. Our model is based on the classic approach of
Bahcall and Wolf (1976) and Bahcall and Wolf (1977) to
the problem, and use our parallelized FP code (as de-
scribed in Aharon and Perets 2015; Aharon et al. 2016).
We simulate the evolution in time, t, of the energy, E,
distribution function (DF) - f(E, t) and the number den-
sity of stars in a spherical system around a MBH. The
DF represents the distribution of stars in central few pcs,
and in particular in the range between the Schwarzschild
radius and the radius of influence. To our original code
we now added the treatment of multi-mass cases, follow-
ing the same equations as described in Bahcall and Wolf
(1977) and Hopman and Alexander (2006b).
In the following, we briefly recapitulate the main as-
sumptions and discuss our treatment of GW capture.
3.1. Fokker-Planck analysis
The FP model used consists of a time and and energy-
dependent, angular momentum-averaged particle conser-
vation equation. It has the form:
∂f(E, t)
∂t
= −AE−
5
2
∂F
∂E
− FLC(E, T ) + FSF (E, T ) (7)
3where
A =
32pi2
3
G2M2∗ ln(Λ) (8)
The term F = F [f(E), E] is related to the stellar flow,
and plays an important role in the evolution of the stellar
cluster. It presents the flow of stars in energy space due
to two-body relaxation, it is defined by:
F =
ˆ
dE′
(
f(E)
∂f(E′)
∂E′
− f(E′)
∂f(E)
∂E
)
(max(E,E′))
−
3
2 .
(9)
We note that similar to Hopman and Alexander
(2006b) work, we neglect here the effect of resonant relax-
ation (RR; Rauch and Tremaine 1996;Rauch and Ingalls
1998), which was suggested to increase the EMRI rate
by up to an order of magnitude (Hopman and Alexander
2006a and Merritt (2015). However, more recent analy-
sis of (Bar-Or and Alexander 2016, who also considered
Merritt work, Bar-Or, private communication), suggest
a relatively negligible effect, supporting our approach on
this issue.
3.2. NSC models
We followed the evolution of several types of NSCs with
a MBH mass of 4×106M⊙ which can be a representative
of a typical eLISA sources. We first studied primordial
NSCs which achieved a steady state, and did not expe-
rience any star formation (SF). Such models correspond
to the same type of models considered previously (e.g.
Freitag et al. 2006; Hopman and Alexander 2006b), be-
sides the difference in stellar population used (see next
section; we also recalculated the same models used by
Hopman and Alexander 2006b, and verified we get the
same results in this case).
For the model with SF we tested two cases: inner SF
formation in the range 0.05−0.5pc and outer SF between
2 − 3.5pc. For each of these two cases we considered
two different scenarios of formation and evolution: 1) in
situ formation of MS stars and COs. 2) An initial pre-
existing cusp of MS+CO stars evolved with continuous
SF MS+CO stars (see Table 1). In the latter scenario,
we define the initial MS DF within rh in the form of
f(Er<rh , t0) ∝ E
0.25 corresponding to the BW steady-
state cusp which has the form of n ∝ r−7/4. The density
profile at rh is normalized to 4 × 10
4pc−3, correspond-
ing to number density at rh in the galactic center (GC)
assuming a mean mass of 1M⊙ (Genzel et al. 2003). We
also adopt the following parameters taken from the GC
values: σ⋆ = 75km/s and rh = 2pc (Genzel et al. 2003).
We consider the DF at r > rh to have a Maxwellian dis-
tribution: f(Er>rh , t) ∝ e
E/σ⋆ (Bahcall and Wolf 1976).
In order to account for SF, following our previous work
in Aharon and Perets (2015), we added the source term
that represents the stars and CO formation in the form:
FSF (E, T ) =
∂
∂t
(Π(E)E0E
α) , (10)
where Π(E) is a rectangular function, which boundaries
correspond to the region where new stars are assumed
to from; E0 is the source term amplitude; and FSF is
a power-law function with a slope α, defining the SF
distribution in phase space.
3.3. Types of Stellar Objects
Similar to Hopman and Alexander 2006b we consider
four basic populations. The first consists of MS stars,
assumed here to be of solar mass. MSs do not contribute
to the GW inspiral rate since they are tidally disrupted
before spiraling in, but they do contribute dynamically.
The other populations represent WDs (MWD = 0.6M⊙),
NSs (MNS = 1.4M⊙), and SBHs. We considered cases
which include stellar populations of 10 M⊙SBHs (similar
to previous studies), but also considered cases with both
10 M⊙ and 30 M⊙SBHs, in order to probe the effect of
more than a single type of massive objects. Considering
Kroupa (2001) work, we used the fraction ratios of the
four populations as CMS : CWD : CNS : CBH10M⊙ :
CBH30M⊙ = 0.72 : 0.26 : 0.014 : 2.3 × 10
−3 : 2.2 × 10−4,
typical for continuously star-forming populations. The
MF of SBHs is not well understood, however for SBHs up
to ∼ 40 M⊙ theoretical models of direct collapse suggest
an almost linear relation between progenitor mass and
final SBH mass (Belczynski et al. 2016), and we therefore
assume an SBH MF which goes like ∝ m−2.1 close to the
initial MF of massive stars (m−2.3).
4. RESULTS
4.1. Distribution of compact objects populations in
NSCs
We followed the evolution of the studied NSCs for
10Gyr corresponding to Hubble timescale. Note that
this timescale is also comparable with the relaxation time
for a GC-like NSC, but likely lower that the relaxation
time for NSCs hosting more massive MBH. We present
the density profile of the studied scenarios in Figs 1,
and 2, where we focus the central 0.01pc region to pre-
dict the GW rates (10−3 for WDs and NSs). We in-
tegrate the density profile in the mentioned region and
obtain the number and derive the rates of inspiralling
CO. We summarize our results in Table 1. For compari-
son we obtained results from simulations similar to those
of Hopman and Alexander (2006; Fig. 1; i.e. a steady
state NSC with no SF).
As expected from the effects of strong mass-segregation
the density profile of the SBHs in most scenario is much
steeper than the ∼Solar mass MS/CO stars. Conse-
quently, the rates of EMRI of SBHs is the highest com-
pared with NSs and WDs. In the inner regions of the
NSC, SBHs can become the most frequent stellar species,
where the exact region where the dominate depends on
the specific model explored.
The distribution of the 10M⊙ SBHs in NSCs that in-
clude 30M⊙ SBHs is very similar to the NS distribution,
where in NSCs without 30M⊙ SBHs, the distribution
of 10M⊙ has the steeper slope compared to the other
populations. In other words, in the absence of 30M⊙
SBHs, the 10M⊙ SBHs distribution is border-line be-
tween the weak and strong mass-segregation regimes.
The existence of the 30M⊙ population quenches the ef-
fects of strong mass-segregation on the 10M⊙, and only
the 30M⊙ SBHs are strongly segregated.
The obtained slope of the 10M⊙ SBH number den-
sity in the outer-SF scenario is γout10M⊙SBH ≈ 1.9, where
in the scenario that includes the 30M⊙ SBHs it de-
creases to 1.42, and the slope of the more massive
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Fig. 1.— Density profile of a 10 Gyr evolved compact stellar objects. Left panel: pre-existing BW cusp with COs evolved from outer CO
formation at distances 2 − 3.5pc from the MBH at the rates of 10−4yr−1 for 4 different stellar populations (MSs, NSs, WDs and 10M⊙
SBHs). The dashed dot vertical lines mark the maximal semimajor axis for each CO population where it experiences “successful inspiral”.
For each population, the colors of the dashed dot lines are corresponding with the colors of its density profile. The relaxational coupling
parameter for the 10M⊙ is ∆ ≈ 0.87. The power-laws for each population within its aGW are γNS = 1.4, γW D = 1.3 and γ10M⊙SBH = 1.9.
Right panel: similar NSC, with the addition of stellar population composed of 30M⊙ SBHs. The relaxational coupling parameter for the
30M⊙ is ∆ ≈ 0.08, and the power-laws are γNS = 1.3, γW D = 1.3, γ10M⊙SBH = 1.4 and γ30M⊙SBH = 2.1.
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Fig. 2.— Two other GW predicted scenarios. Left panel: Density profile of NSCs evolved through in situ SF with a rate of 5× 10−4yr−1
(built up NSC) in the outer region (2 − 3.5pc). The relaxational coupling parameter for the 30M⊙ is ∆ ≈ 5.92. The power-laws are
γNS = 1.0, γW D = 1.0, γ10M⊙SBH = 1.0 and γ30M⊙SBH = 1.1. Right panel: CO formation in the inner region (0.05−0.5pc) in NSC that
evolves from pre-existing cusp. The relaxational coupling parameter for the 30M⊙ is ∆ ≈ 0.03, and the power-laws for each population
within its aGW are γNS = 1.3, γW D = 1.3, γ10M⊙SBH = 1.5 and γ30M⊙SBH = 2.3
SBHs is γout30M⊙SBH ≈ 1.9 (Fig. 1). The highest slope
(γout30M⊙SBH ≈ 2.3) is obtained for the 30M⊙ SBH pop-
ulation in NSCs, evolved from pre-existing stellar cusp,
that experience inner-SF. The slopes calculated in our
numerical simulations are consistent with the analytical
study of Keshet et al. (2009). We emphasize that we also
tested EMRI rates model with a range of SBH masses in
order to verify our Analytic derivation of the rates pre-
sented in section 2, and found comparable results.
4.2. EMRI rates
Following the obtained NSC stellar distribution, we
integrated the number of COs up to the critical sepa-
ration in order to quantify the number of expected EM-
RIs. We summarize the results in Table 1. The high-
est EMRIs are obtained in NSCs that evolve from a
pre-existing cusp that also experiences strong SF in the
outer region. The lowest overall rates are obtained with
inner-SF that builds up the NSC. For comparison with
previous studies, the last row in the table is based on
Hopman and Alexander (2006b) as described in 4.1.
5. SUMMARY
In this work we studied the rates of GWs from extreme-
mass ratio inspirals, but considered two novel aspects
which were little, or not considered before in this con-
text. We study (1) the impact of a wide mass-spectrum
5scenario CO formation
rate (yr−1)
ΓNS (Gyr
−1) ΓW D (Gyr
−1) ΓSBH10M⊙ (Gyr
−1) ΓSBH30M⊙ (Gyr
−1)
pre-existing cusp outer
formation without
30M⊙ SBH 10−4
14 79 232 -
pre-existing cusp outer
formation
11 71 92 265
pre-existing cusp inner
formation
15 73 87 252
outer in-situ formation 7 22 58 273
inner in-situ formation 39 62 74 312
outer in-situ formation
5 × 10−4
32 112 62 288
inner in-situ formation 45 68 85 301
pre-existing cusp inner
formation
8 67 15 97
relaxed cusp - 7 73 89 273
relaxed cusp without
30M⊙ SBH (based on
Hopman and Alexander
2006b)
- 6 33 252 -
TABLE 1
NSC model and the predicted GW rates
SBHs (as suggested by theoretical work and the recent
detections of high mass SBHs by aLIGO; Abbott et al.
2016; Belczynski et al. 2016) on EMRI rates, and (2) the
role of in-situ formation of stars and COs during the
build-up and/or formation of nuclear stellar clusters.
Our main findings are as follows:
1. We find that strong mass-segregation produces a
steep power-law density profile for the most mas-
sive SBHs, but at the same time quenches the mi-
gration of less massive SBHs close to the MBH. We
quantify this effect and provide a translation be-
tween the intrinsic mass function of CO, in partic-
ular SBHs, and the (future) observable mass func-
tion of the EMRI GW sources, showing the latter
to be strongly biased towards high mass COs.
2. We find that SF plays a relatively small role in
eventually determining the EMRI rates for SBHs
(and its mass function), since most of them migrate
close to the MBH through mass-segregation rather
than form in-situ. However, the rate of EMRI of
neutron stars can be significantly increased when
they form in-situ close to the MBH. In this latter
case neutron stars can inspiral before relaxation
processes significantly segregates them outwards
farther away from the MBH. A reverse but weaker
effect of decreasing the EMRI rates from neutron
stars and white dwarfs occurs when star-formation
proceeds far from the MBH. In this case the mass
segregation processes due to the SBHs somewhat
quench the newly formed NSs/WDs from diffusing
into the inner regions, and lower their EMRI rates.
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